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The aim of this paper is to solve nonlinear differential equations with fractional derivatives by the
homotopy analysis method. The fractional derivative is described in Caputo’s sense. It shows that
the homotopy analysis method not only is efficient for classical differential equations, but also is a
powerful tool for dealing with nonlinear differential equations with fractional derivatives.
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1. Introduction

Most problems in science and engineering are non-
linear. Thus, it is important to develop efficient meth-
ods to solve them. In the past decades, with the fast
development of high-quality symbolic computing soft-
ware, such as Maple, Mathematica and Matlab, ana-
lytic as well as numerical techniques for nonlinear dif-
ferential equations have been developed quickly. The
homotopy analysis method (HAM) [1 – 5] is one of
the most effective methods to construct analytically ap-
proximate solutions of nonlinear differential equations.
This method has been applied to a wide range of non-
linear differential equations. Compared with the tradi-
tional analytic approximation tools, such as the pertur-
bation method [6 – 9], the δ -expansion method [10],
and the Adomian decomposition method [11 – 13], the
HAM provides a convenient way to control and adjust
the convergence range and the rate of approximation.
Also, the HAM is valid even if a nonlinear problem
does not contain a small or large parameter. In addi-
tion, it can be employed to approximate a nonlinear
problem by choosing different sets of base functions.

In recent years, considerable interest in fractional
differential equations has been stimulated due to
their numerous applications in physics and engineer-
ing [14]. For instance for the propagation of waves
through a fractal medium or diffusion in a disordered
system it is reasonable to formulate the structure of
the nonlinear evolution equations in terms of fractional
derivatives rather than in the classical form. Further-
more, we known that many nonlinear differential equa-
tions exhibit strange attractors and their solutions have
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been discovered to move toward strange attractors [15].
Such strange attractors are fractals by definition. We
therefore aim to deal with fractal nonlinear differen-
tial equations rather than with classical forms of them.
In this paper, we employ the HAM to solve fractional
nonlinear differential equations. Some examples are
used to illustrate the effectiveness of this method. It is
shown that the HAM is efficient not only for classical
differential equations but also for differential equations
with fractional derivatives.

2. Fractional Integration and Differentiation

In this section, let us first recall essentials of the
fractional calculus. Fractional calculus is the name
of the theory of integrals and derivatives of arbi-
trary order, which unifies and generalizes the notions
of integer-order differentiation and n-fold integration.
There are many books [14, 16 – 18] that develop the
fractional calculus and various definitions of fractional
integration and differentiation, such as Grunwald-
Letnikov’s definition, Riemann-Liouville’s definition,
Caputo’s definition and the generalized function ap-
proach. For the purpose of this paper, the Caputo
derivative as well as the Riemann-Liouville integral
will be used.

Let D∗α denote the differential operator in the sense
of Caputo [19], defined by

D∗α f (x) = J m−αD m f (x), (2.1)

where m− 1 < α ≤ m, f is a (in general nonlinear)
function, Dm the usual integer differential operator of
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order m and J α the Riemann-Liouville integral oper-
ator of order α > 0, defined by

J α f (x) =
1

Γ (µ)

∫ x

0
(x− t)α−1 f (t)dt, x > 0. (2.2)

Properties of the operator J α can be found in [16, 18].
We mention only the following:

For f ∈Cµ ,µ ≥−1,α,β ≥ 0 and γ > −1:

(1) J αJ β f (x) = J α+β f (x);
(2) J αJ β f (x) = J β J α f (x);

(3) J α xγ =
Γ (γ + 1)

Γ (α + γ + 1)
xα+γ .

3. The Homotopy Analysis Method

In this section we extend the homotopy analysis
method proposed by Liao [1 – 5] to differential equa-
tions with fractional derivatives.

Considering the fractional differential equation

N∗(u(x, t)) = 0, (3.1)

where N∗ is a differential operator with fractional
derivatives. u(x,t) is an unknown function and x, t de-
note independent variables. For simplicity, we ignore
all boundary or initial conditions. They can be treated
in the same way.

Following the procedure of the HAM, we choose
u0(x, t) as an initial guess of u(x,t), L∗ is a linear oper-
ator, which may contain fractional derivatives; it pos-
sesses the property L∗(0) = 0. Thus, we can construct
the zero-order deformation equation

(1−q)L∗(U(x,t;q)−u0(x,t))
= qhH(x,t)N∗(U(x,t;q)),

(3.2)

where q ∈ [0,1] is the embedding parameter, h and
H(x, t) are a nonzero auxiliary parameter and an aux-
iliary function, respectively. When q = 0 and q = 1, it
holds

U(x, t;0) = u0(x,t), U(x,t;1) = u(x,t). (3.3)

As q increases from 0 to 1, the solution U(x, t;q)
varies from the initial guess u0(x,t) to the so-
lution u(x, t). Assuming that the auxiliary func-
tion H(x, t) and the auxiliary parameter h are properly
chosen so that U(x,t;q) can be expressed by the Taylor
series

U(x, t;q) = u0(x,t)+
∞

∑
n=1

un(x,t)qn, (3.4)

where

un(x, t) =
1
n!

∂nU(x, t,q)
∂qn

∣∣∣
q=0

, n ≥ 1.

Besides that the above series is convergent at q = 1.
Then, using (3.3), we have

u(x, t) = u0(x, t)+
∞

∑
n=1

un(x, t). (3.5)

For the sake of simplicity, define the vectors

−→u n(x, t) = {u0(x, t), u1(x, t), ...,un(x, t)}.

Differentiating the zero-order deformation (3.2)
n times with respect to the embedding parameter q,
then setting q = 0, and finally dividing by n!, we have
the n-th-order deformation equation

L∗[un(x, t)−χn un−1(x, t)] = hH(x, t)R∗n [
−→u n−1(x, t)],

(3.6)

where

R∗n [
−→u n−1(x, t)] =

1
(n−1)!

{
∂n−1

∂qn−1 N∗

[
∑

m=0
um(x, t)qm

]}∣∣∣
q=0

(3.7)

and

χn =
{

0, n ≤ 1,
1, n > 1,

(3.8)

with the initial condition

un(x, t;0) = 0, n ≥ 1. (3.9)

Note that the higher-order deformation equation (3.6)
is governed by the same linear operator L∗. The
term R∗n [

−→u n−1(x, t)] can be expressed simply by
u1(x, t), u2(x, t), . . .un−1(x, t). However, there are frac-
tional differentiations in every higher-order deforma-
tion equation, as Caputo’s differentiation is a linear op-
eration. So we can solve the higher-order deformation
equations one after the other. The N-th order approxi-
mation of u(x, t) is given by

u(x, t) ≈ u0(x, t)+
N

∑
m=1

um(x, t). (3.10)
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Liao [5] proved that, as long as a solution series given
by the HAM converges, it must be one of the solu-
tions. In fact, this conclusion is also satisfied for non-
linear differential equations with fractional derivatives,
which can be shown as follows:

Theorem. As long as the series

u0(x, t)+
∞

∑
m=1

um(x,t)

is convergent, where um(x,t) is governed by the higher-
order deformation equation (3.6) under the defini-
tions (3.7) and (3.8), it must be a solution of the origi-
nal equation (3.1).

Proof: As the series u0(x,t) +
∞
∑

m=1
um(x,t) is con-

vergent, it holds that

lim
m→∞

um(x,t) = 0.

Using (3.6) and (3.8), we have

hH(x, t)
+∞

∑
m=1

R∗m(−→u m−1(x,t))

=
+∞

∑
m=1

L∗[um(x,t)− χmum−1(x,t)].

Due to the linearity of the Caputo derivative, it follows

+∞

∑
m=1

L∗[um(x,t)− χmum−1(x,t)]

= L∗[
+∞

∑
m=1

(um(x,t)− χmum−1(x,t))]

= L∗[ lim
m→∞

um(x,t)] = L∗[0] = 0.

Therefore,

hH(x, t)
+∞

∑
m=1

R∗m(−→u m−1(x,t)) = 0.

Since h �= 0, H(x,t) �= 0, we have according to the def-
inition (3.7) that

+∞

∑
m=1

R∗m(−→u m−1(x,t)) =

+∞

∑
m=1

[
1

(m−1)!

{
∂m−1

∂qm−1 N∗
[ ∞

∑
n=0

un(x,t)qn
]}∣∣∣∣

q=0

]
= 0.

We note, that there is no differential with respect to q

in the nonlinear operator N∗. So N∗(
∞
∑

n=0
un(x, t)qn)

can be looked upon as a polynomial on q. By
using the binomial expansion theorem, we obtain

N∗(
∞
∑

n=0
un(x, t)) = 0, such as for N∗ = u(x, t)ux

2. Let-

ting u(x, t) = u0(x, t)+ u1(x, t)q + u2(x, t)q2, it can be
easily verified that

+∞

∑
m=1

[
1

(m−1)!

{
∂m−1

∂qm−1 N∗

[
2

∑
n=0

un(x, t)qn

]}∣∣∣
q=0

]

= (u0(x, t)+ u1(x, t)+ u2(x, t))

· [(u0(x, t)+ u1(x, t)+ u2(x, t))x]2

= N∗(u0(x, t)+ u1(x, t)+ u2(x, t)).

This ends the proof.

4. Applications of the Homotopy Analysis Method

In this section, two examples are considered to il-
lustrate the effectiveness of the HAM for differential
equations with fractional derivatives.

Example 1. Consider the nonlinear fractional Ko-
rteweg – de Vries (KdV) equation

∂α u(x, t)
∂tα +(p + 1)upux + uxxxx = 0,

t > 0, 0 < α < 1,

(4.1)

with the initial condition [20]

u(x,0) = A[sech2(Kx)]1/p, (4.2)

where p > 0, A and K are constants. ∂α/∂tα is the frac-
tional time derivative operator of order α .

This equation has a wide range of applications in
plasma physics, fluid physics, capillary-gravity waves,
nonlinear optics and chemical physics.

From (4.2), it is straightforward to express the solu-
tion u by a set of base functions

{en(x)t
p
q , p,q ∈ Z}, (4.3)

where en(x) as a coefficient is a function with respect
to x. This provides us with the so-called rule of solution
expression.

Choosing u0(x, t) = u(x,0) and the linear opera-
tor L∗ as

L∗(u(x, t)) =
∂α

∂tα , 0 < α < 1. (4.4)
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We note that there is a fractional derivative in L∗.
For simplicity, one may choose H(x,t) = 1 in this ex-
ample. Other related formulas are the same as those
given in Section 3. From (4.1) and (3.7),

R∗n =
∂α un−1

∂tα +(un−1)4x +
p + 1

(n−1)!

·
{

dn−1

dqn−1

[(
n−1

∑
i=1

uiqi

)p
∂
∂x

(
n−1

∑
i=1

uiqi

)]}∣∣∣
q=0

.

(4.5)

The components of the solution series can be easily
computed from (3.6) and (4.5), and we have

un = un−1 −hJ α(R∗n),

in which J α is the Riemann-Liouville integral opera-
tor of order α with respect to t.

In the following, we list the first few components of
the solution series for the case p = 6, and discuss its
convergence:

u1(x, t) = − tα hAK(189A6 sinh(Kx)cosh(Kx)−K3[cosh(Kx)4 −200cosh(Kx)2 + 280])
81cosh(K x)(13/3)Γ (α + 1)

,

u2(x, t) = − 1
6561

h2 AK(455112 t(2α)K4 Γ (α + 1)A6 cosh(K x)5 sinh(K x)

−22680 tα cosh(K x)4 Γ (2α + 1)K3 −5847660 t(2α)K4 Γ (α + 1)A6 cosh(K x)3 sinh(K x)

+ 8474760 t(2α)K4 Γ (α + 1)A6 cosh(K x) sinh(K x)−464373 t(2α)K Γ (α + 1)A12 cosh(K x)4

+ 16200 tα cosh(K x)6 Γ (2α + 1)K3 + 15309 tα cosh(K x)5 Γ (2α + 1)A6 sinh(K x)

−81 tα cosh(K x)8 Γ (2α + 1)K3 + 571536 t(2α)K Γ (α + 1)A12 cosh(K x)2

−24344320 t(2α)K7 Γ (α + 1)+ 33779200t(2α)K7 Γ (α + 1) cosh(K x)2

− t(2α) K7 Γ (α + 1) cosh(K x)8 −11049360 t(2α)K7 Γ (α + 1) cosh(K x)4

+480400 t(2α)K7 Γ (α + 1) cosh(K x)6)
/

(cosh(K x)(25/3)Γ (2α + 1)Γ (α + 1)),
· · · .

With the aid of Maple, 15 terms are used to evaluate
the approximate solution uapprox(x,t) = ∑15

k=0 uk(x, t).
We stretch the h-curve of u′′approx(0,0) in Fig. 1, which
shows that the solution series is convergent if −0.5 ≤
h ≤ 0.2. We take the arithmetic average value h =
−0.2.

To verify the convergence of our approximate so-
lution, we compare the approximate solution and the

Fig. 1. The h-curve of u′′(0,0) at the 15th-order of approxi-
mation for fixed values K = 0.1, A = 0.2, α = 1/2.

exact solution [20]

uexact =
1
5

sech1/3(
x

10
− ct) (4.6)

at t = 0.1. The graph is given in Figure 2.
Also for larger times, t, our approximate solutions

are in good agreement with the exact ones, which are
both shown in Figs. 3a and 3b.

Fig. 2. Comparison of the approximate solution uapprox with
the exact solution (4.6) at t = 0.1, for fixed values K = 0.1,
A = 0.2, α = 1/2.
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Fig. 3. (a) Approximate solution of (4.1) for fixed values K =
0.1, A = 0.2, α = 1/2. (b) Exact solution of (4.1) for fixed
values K = 0.1, A = 0.2, α = 1/2.

Example 2. Consider the space-fractional telegraph
equation [21, 22]

∂α u(x, t)
∂xα −u2t −ut −u(x,t) = 0, (4.7)

with the initial and boundary conditions

u(0, t) = e−t , ux(0, t) = e−t , u(x,0) = ex. (4.8)

From (4.8) it is straightforward to express the solu-
tion u by a set of base functions

{gn(t)x
p
q , p,q ∈ Z}, (4.9)

where gn(t) as a coefficient is a function with respect
to t. This provides us with the so-called rule of solution
expression.

Choose u0(x, t) = e−t(1 + x) and the linear opera-
tor L∗ as

L∗(u(x, t)) =
∂
α�u(x, t)

∂x
α� , 0 < α ≤ 2. (4.10)

In this example, there are just integer-order deriva-
tives in L∗. For simplicity we choose H(x, t) = 1. The
other formulas are the same as those given in Section 3,
from (3.7) and (4.7),

R∗n =
∂α un−1

∂xα +(un−1)tt − (un−1)t −un−1. (4.11)

The components of the solution series can be easily
computed from (3.6) and (4.11), and we have

um = um−1 −hJ 
α�(u(m−1)t + u(m−1)2t + um−1)

+ hJ 
α�−α

(
um−1 −

�α�
∑
k=0

xk

k!
u(m−1)kt(0, t)

)
,

where J 
α� is the 
α�-fold integral with respect to x
and J 
α�−α is the Riemann-Liouville integral opera-
tor of order (
α�−α) > 0.

For α = 2 the first few components are:

u1(x, t) =
((

−1
2

x2 − 1
6

x3
)

h + 1 + x
)

e(−t),

u2(x, t) =
((

1
24

x4 +
1

120
x5 − 1

2
x2 − 1

6
x3
)

h2 +
(
−x2 − 1

3
x3
)

h + 1 + x
)

e(−t),

u3(x, t) =

((
− 1

720
x6 − 1

5040
x7 +

1
12

x4 +
1
60

x5 − 1
2

x2 − 1
6

x3
)

h3 +
(

1
8

x4 +
1

40
x5 − 3

2
x2 − 1

2
x3
)

h2

+
(
−3

2
x2 − 1

2
x3
)

h + 1 + x

)
e(−t),

u4(x, t) =

((
− 1

240
x6 − 1

1680
x7 +

1
8

x4 +
1

40
x5 +

1
40320

x8 +
1

362880
x9 − 1

2
x2 − 1

6
x3
)

h4
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+
(

1
3

x4 +
1

15
x5 −2x2 − 2

3
x3 − 1

180
x6 − 1

1260
x7
)

h3 +
(

1
4

x4 +
1

20
x5 −3x2 − x3

)
h2

+
(
−2x2 − 2

3
x3
)

h + 1 + x

)
e(−t),

· · · .
With the help of Maple, 25 terms are used

to evaluate the approximate solution uapprox(x, t) =
∑25

k=0 uk(x, t). The h-curve of u′′approx(0,0) is displayed
in Fig. 4, which shows that the solution series is
convergent if −1.5 ≤ h ≤ −0.5. We take the mean
value h = −1 to get the fastest convergence rate.

To show the convergence of our solution series, the
23rd-order and the 25th-order approximate solutions
are compared in Figure 5.

The 25th-order approximate solution itself is dis-
played in Figure 6a. To demonstrate the effectiveness
of our method, we show the exact solution u(x, t) =
ex−t for α = 2 in Figure 6b. It can be seen that our ap-
proximate solution is in good agreement with the above
exact solution.

Fig. 4. The h-curve of u′′(0,0) at the 25th-order of approxi-
mation.

Fig. 5. Comparison of the 23rd-order with the 25th-order ap-
proximate solutions.

Fig. 6. (a) 25th-order approximation of (4.7). (b) Exact solu-
tion of (4.7).

5. Summary

In this paper, the HAM is employed to analytically
compute approximating solutions of nonlinear differ-
ential equations with fractional derivatives. By com-
paring with known exact solutions, it is shown that the
obtained approximate solutions have a very high accu-
racy. It can be seen that the HAM is effective and ef-
ficient not only for classical differential equations but
also for differential equations with fractional deriva-
tives. We help that this method can be used in a wider
range.

Acknowledgement
We would like to express our sincere thanks to the

referees for their helpful suggestions. This work was
supported by a National Key Basic Research Project
of China (2004CB318000) and the National Science
Foundation of China (10771072).



Y.-P. Liu and Z.-B. Li · Homotopy Analysis Method 247

[1] S. J. Liao, J. Fluid. Mech. 385, 101 (1999).
[2] S. J. Liao and A. Campo, J. Fluid. Mech. 453, 411

(2002).
[3] S. J. Liao, Appl. Math. Comp. 147, 499 (2004).
[4] Y. Y. Wu, C. Wang, and S. J. Liao, Chaos, Solitons and

Fractals 23, 1733 (2005).
[5] S. J. Liao, Beyond Perturbation: Introduction to Homo-

topy Analysis Method, Chapman and Hall/CRC Press,
Boca Raton 2003.

[6] J. D. Cole, Perturbation Methods in Applied Mathe-
matics, Blaisdell Publishing Company, Waltham, Mas-
sachusetts 1968.

[7] M. von Dyke, Perturbatin Methods in Fluid Mechanics,
The Parabolic Press, Stanford, California 1975.

[8] A. H. Nayfeh, Introduction to Perturbation Techniques,
John Wiley and Sons, New York 1981.

[9] A. H. Nayfeh, Problems in Perturbation, John Wiley
and Sons, New York 1985.

[10] A. V. Karmishin, A. T. Zhukov, and V. G. Kolosov,
Methods of Dynamics Calculation and Testing for
Thin-Walled Structures, Mashinostroyenie, Moscow
1990 (in Russian).

[11] G. Adomian, J. Math. Anal. Appl. 55, 441 (1976).
[12] G. Adomian and G. E. Adomian, Math. Model 5, 521

(1984).

[13] G. Adomian, Solving Frontier Problems of Physics:
The Decomposition Method, Kluwer Academic Pub-
lishers, Boston and London 1994.

[14] B. J. West, M. Bolognab, and P. Grigolini, Physics of
Fractal Operators, Springer, New York 2003.

[15] G. Rowlands, Nonlinear Phenomena in Science and
Engineering, Ellis Horwood Limited, London, UK
1990.

[16] K. S. Miller and B. Ross, An Introduction to the Frac-
tional Calculus and Fractional Differential Equations,
Wiley, New York 1993.

[17] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Frac-
tional Integrals and Derivatives: Theory and Applica-
tions, Gordon and Breach, Yverdon 1993.

[18] I. Podlubny, Fractional Differential Equations, Aca-
demic Press, San Diego, CA 1999.

[19] M. Caputo, J. R. Astron. Soc. 13, 529 (1967).
[20] D. Kaya, Commun. Non. Sci. Numer. Simul. 10, 693

(2005).
[21] E. Orsingher and X. Zhao, Chinese Ann. Math. 24, 1

(2003).
[22] E. Orsingher and L. Beghin, Prob. Theory Relat. Fields

128, 141(2004).


